Time reversal symmetry is studied in a space with noncommutativity of coordinates and noncommutativity of momenta of canonical type. The circular motion is examined as an apparent example of time reversal symmetry breaking in the space. On the basis of exact solution of the problem we show that because of noncommutativity the period of the circular motion depends on its direction. We propose the way to recover the time reversal and rotational symmetries in noncommutative phase space of canonical type. Namely, on the basis of idea of generalization of parameters of noncommutativity to tensors we construct noncommutative algebra which is rotationally-invariant, invariant under time reversal, besides it is equivalent to noncommutative algebra of canonical type.
Introduction
Much attention has been devoted to studies of a quantum space realized on the basis of idea that coordinates can be noncommutative. The idea was suggested by Heisenberg. Later it was formalized by Snyder [1] . Noncommutative phase space of canonical type has been studied intensively. It is characterized by the following commutation relations for operators of coordinates and momenta
with θ ij , η ij , γ ij being elements of constant antisymmetric matrixes.
Idea that coordinates and momenta may be noncommutative gives a possibility to construct quantum space (space with minimal length) at the same time noncommutativity causes fundamental problems. In noncommutative space of canonical type (1)-(3) with η ij = γ ij = 0 one face the problems of rotational and the time-reversal symmetries breaking [2, 3, 4, 5] . The same problems appear in noncommutative phase space (1)- (3) .
To preserve rotational symmetry the noncommutative algebra of canonical type was generalized in different ways as a result different types of algebras with noncommutativity of coordinates were proposed and examined [6, 7, 8, 9] ). Among these algebras rotationally invariant algebra with position-dependent noncommutativity (see, for example, [10, 11, 12, 13, 14, 15, 16] ), noncommutative algebras with spin noncommutativity (see, for example, [17, 18] ) were intensively studied. These algebras are rotationally invariant but they are not equivalent to noncommutative algebras of canonical type in the sense that the relation [X i , θ ij ] = [P i , θ ij ] = 0 does not hold in the frame of the algebras.
In the present paper we study time reversal symmetry in noncommutative phase space of canonical type (1)-(3). The circular motion is studied as an obvious example for observing the time reversal symmetry breaking. On the basis of exact solution of the problem it is shown that because of noncommutativity the period of the circular motion depends on its direction. So, noncommutativity causes violation of the time reversal symmetry. To recover the symmetry we propose noncommutative algebra which is time reversal invariant, rotationally invariant, and equivalent to noncommutative algebra of canonical type.
The paper is organized as follows. In Section 2 the time reversal symmetry is studied in noncommutative phase space of canonical type. The invariance of noncommutative algebra upon time reversal is analyzed. Influence of noncommutativity on the period of circular motion in different directions is examined. In Section 3 algebra with noncommutativity of coordinates and noncommutativity of momenta which is time reversal and rotationallyinvariant is constructed. Conclusions are presented in Section 4.
2 Time reversal symmetry in noncommutative phase space of canonical type
Obvious example for observing violation of the time reversal symmetry in noncommutative phase space is a circular motion. The effect of noncommutativity on the motion depends on its direction. To show this let us consider noncommutative algebra of canonical type in two-dimensional case
and study the following Hamiltonian
Here θ, η, γ being constants, X = X 2 1 + X 2 2 . In the classical limit → 0 from (4)- (6) we have the following Poisson brackets
Taking into account that X i , P i in (7) satisfy (8)- (10), one obtains equations of motionẊ
The obtained equations have solution
The solution corresponds to circular motion with radii R 0 , momentum
and frequency
The period of the motion reads
Let us consider the circular motion in opposite direction with radii R 0 . The corresponding solution reads
Expressions (20), (21) correspond to (15) , (16) with −t. In (21) we put P ′ 0 to distinguish momentum which corresponds to the motion in opposite direction. Substituting (20) , (21) into (11)- (14) one obtains
and
Note that the obtained frequency (22) and period (23) do not coincide with (18), (19) . One has
The period and the frequency are different for motions in a circle of radius R 0 in different directions. In comparison to (18), (19) expressions for ω ′ , T ′ contain parameters of noncommutativity with opposite signs. One also has that P ′ 0 = −P 0 (in the ordinary space one has that P ′ 0 = −P 0 which corresponds to the motion in opposite direction). Discrepancy in expressions (18), (19) and (22), (23) is because of non-invariance of noncommutative algebra (4)-(6) upon time reversal, because of time reversal symmetry breaking in noncommutative phase space.
Ordinary commutation relations for coordinates and momenta (θ = η = γ = 0) are invariant under the time reversal transformation [20] . In analogy to the ordinary case (θ = η = γ = 0), considering transformations of coordinates and momenta upon time reversal as X i → X i , P i → −P i and taking into account that in quantum mechanics the time reversal operation involves complex conjugation [20] , for (4)-(6) one obtains commutation relations
which in the classical limit correspond to the following Poisson brackets
follows that algebra (4)- (6) is not invariant upon time reversal. Note that results (22), (23) can be obtained, taking into account that the motion in opposite direction corresponds to the time reversal transformation and upon time reversal one has (26)-(28). Therefore, expressions for ω ′ , T ′ (22), (23) can be found changing the signs of parameters of noncommutativity in (18) , (19) (changing θ to −θ and η to −η). We also have that changing signs of parameters of noncommutativity in P ′ 0 (24) (changing θ to −θ and η to −η ) one obtains −P 0 (17).
3 Recovering time reversal and rotational symmetries in noncommutative phase space
To recover the time reversal and rotational symmetries in noncommutative phase space we consider idea to construct tensors of noncommutativity involving additional coordinates and additional momenta. On the basis of studies presented in the previous section, we can conclude that in order to preserve the time reversal symmetry the tensors θ ij , η ij have to transform under the time reversal as
Expressions for the tensors of noncommutativity on which (29) hold from the view of simplicity can be written as follows
where c θ , c η are constants, p 
with √ / √ m osc ω osc = l P and very large frequency ω osc . So, the distance between the energy levels is large and harmonic oscillators put into the ground states remain in the states [21] . So, we propose the following noncommutative algebra
here we take into account (30), (31) and consider γ ij = k θ ik η jk /4, as was considered in [19] . Additional coordinates and additional momenta are supposed to satisfy the ordinary commutation relations
[a i , p
Also, relation
hold. So, operators X i , P i and θ ij , η ij satisfy the same commutation relations as in the case of noncommutative phase space of canonical type (1)- (3). We
. In this sense noncommutative algebra (34)-(36) is equivalent to (1)-(3). The coordinates and momenta
can be treated as internal coordinates and momenta of a particle. Quantum fluctuations of these coordinates lead effectively to a non-point-like particle with size of the order of the Planck scale.
Because of involving of additional coordinates and additional momenta one has to consider the total Hamiltonian defined as
where H s is Hamiltonian of a system under consideration and H We would like to note here that because of invariance of noncommutative algebra (34)-(36) on time reversal, independently of representation one can find that upon time reversal X i → X i , P i → −P i . For example, the coordinates and momenta which satisfy (34)-(36) can be represented as follows
and taking into account (42), (43) noncommutative coordinates and noncommutative momenta transform as X i → X i , P i → −P i . We would like to mention here that in the case of noncommutative algebra of canonical type the transformation of noncommutative coordinates and noncommutative momenta upon time reversal depends on their representation (see Appendix) . This is a consequence of non-invariance of noncommutative algebra of canonical type on the time reversal.
Besides time-reversal invariance the algebra (34)- (36) is rotationally invariant. After rotation
[
Operator of rotation has the form [21] . So, noncommutative algebra (34)-(36) is rotationally and time-reversal invariant and is equivalent to noncommutative algebra of canonical type. Note that the proposed algebra is consistent. The Jacobi identity is satisfied and can be easily checked for all possible triplets of operators because of explicit representation (42), (43).
We would like to mention that in our previous paper [21] in order to preserve rotational symmetry we proposed noncommutative algebra (34)-(36) with tensors of noncommutativity defined as
with l 0 , p 0 being constants and a k , p b k being additional coordinates and momenta governed by harmonic oscillators. In the case when θ ij is defined as (47) the commutation relations (1) are not invariant under the time reversal. Upon time reversal one has
We would like also to note here that instead of examining the total Hamiltonian (41), one can study an effective Hamiltonian
up to the second order in
This is because the corrections to the energy levels of the total Hamiltonian H (41) caused by terms ∆H vanish up to the second order in the perturbation theory [22] . Here notation ... ab is used for averaging over degrees of freedom of harmonic oscillators H 
Therefore, H 0 is invariant on replacement of θ ij by −θ ij and taking into account (49) is invariant under the time reversal transformation. Note that this statement holds for different definitions of the tensors of noncommutativity on which θ i ab = η i ab = 0. We would like also to mention that Hamiltonian H 0 depends on the mean values θ 2 , η 2 and does not depend explicitly on the way of definition of tensors of noncommutativity θ ij , η ij and on the rotationally-invariant system on which a i , b i p a i , p b i are governed by. So, independently of definition of the tensors of noncommutativity (the only one condition has to be satisfied θ ij ab = η ij ab = 0) the effective Hamiltonian H 0 is invariant upon time reversal.
So, idea to define tensors of noncommutativity, introducing additional coordinates and additional momenta, gives a possibility to construct noncommutative algebra which is rotationally-invariant, invariant under the time reversal transformation and equivalent to noncommutative algebra of canonical type.
Conclusions
Time reversal symmetry has been studied in a space with noncommutativity of coordinates and noncommutativity of momenta of canonical type. It has been shown that noncommutative algebra (4)- (6) is not time reversal invariant. Upon time reversal one obtains noncommutative algebra with opposite signs of parameters of noncommutativity (26), (28). We have also concluded that because of non-invariance of algebra (4)- (6), transformations for noncommutative coordinates and noncommutative momenta upon time reversal depend on their representation (62)-(65).
Circular motion has been examined in noncommutative phase space as an evident example for studying the time reversal symmetry breaking. Frequency and period of the motion have been found exactly in noncommutative phase space of canonical type. We have concluded that because of noncommutativity the frequency and the period of the circular motion depends on its direction (18) , (19) , (22) , (23) . The effect of noncommutativity on the motion in a circle of radius R 0 depends on its direction.
To recover the time reversal symmetry in noncommutative phase space we have considered the idea to generalize parameters of noncommutativity to a tensors. We have shown that the time reversal symmetry is preserved if the tensors of noncommutativity transform as θ ij → −θ ij , η ij → −η ij under time reversal. So, on the basis of this statement and from the view of simplicity we proposed the tensors of noncommutativity to be defined as (30), (31). To construct these tensors an additional coordinates and additional momenta have been considered. For preserving the rotational symmetry the coordinates and the momenta have been supposed to be governed by a rotationally-invariant systems which for simplicity are considered to be harmonic oscillators. As a result we propose noncommutative algebra (34)-(36) which is rotationally invariant, time reversal invariant besides it is equivalent to noncommutative algebra of canonical type.
Namely, for coordinates and momenta which satisfy (4)-(6) we can write
